Let H be a subgroup of a finite group G and F a field of characteristic p > 0.
The W-projective FG-modules were studied by Hochschild [6] and D. G. Higman [5] . Green [4] used this concept to classify indecomposable FG-modules through the theory of vertices and sources. In an earlier paper [7] we characterized the class of these subgroups H oí G for which every FG-module is //-projective. In this case we call (G, H) a projective pairing. As was shown in the last part of [7] , a certain property (property p: See Definition 3) of radicals of group algebras of G and H is closely connected with this concept. As it turns out, another property-the complete reducibility of induced modules, induced from an irreducible FH-module-is almost equivalent to the two properties mentioned above. In this paper we give some sufficient conditions under which the three properties mentioned above are equivalent. We also show by means of an example that in general projective pairing does not imply property p.
Preliminary definitions and results.
Let F be a field of characteristic p > 0 and G a finite group such that p divides |G|, the order of G. All modules under consideration will be right modules, finitely generated over F. Let 331 be an FG-module, FG being the group algebra of G over F, and let H be a subgroup of G. By 3E" we denote HE considered as FH-module in a natural way. Similarly, if Si is a F/7-module, the induced FG-module is denoted by ÎI = 3Í ®p[i FG, where ® denotes the tensor product. For standard properties of induced modules we refer to Curtis and Reiner [3] » or Green [4] . Definition 1. Let H be a subgroup of G. An FG-module SJ1 is said to be Hprojective if every exact sequence 0-»3Î-* L -»SE->0 of FG-modules for which is itself split over FG.
Definition 2. Let H < G. We say that (G, H) is a projective pairing if every exact sequence 0 -» 3t -► L -► 3JI -»0 of FG-modules for which the exact sequence 0 -» 31H -• LH -» lw -♦ 0 splits over F/7 is itself split over FG. In [9] it is shown that property p is independent of the choice of coset representatives and that it is a transitive property in the sense that if K C H C G and the pairs (G, H) and (H, K) have property p then (G, K) has property p.
It is evident that property p is equivalent to the requirement Rad FG Ç (Rad FH)FG.
The following cirteria of H-projectivity are due to Higman [5] and Green [4] :
The following statements for an FG-module 31 are equivalent:
(i) 3R is //-projective.
(ii) 31 is a component (i.e. is isomorphic to a direct summand of (™u) .
(iii) There exists an FH-module 31 such that 3R is a component of 31 .
(iv) There exists an FH-endomorphisra 7/ of 5Ä such that 2 .x~ r\xi = L^, where \x \ ate the coset representatives of G over H and 1^ is identity mapping over SK.
We list the following two results of [7] which we will use frequently: 3. Relation between projective pairing property p and the complete reducibility of induced modules for normal subgroups. As was realized by Sinha Í9] and as we shall see later, the three properties under consideration are closely related to each other. In fact, they turn out to be equivalent to each other in many cases. In this section we give a proof of their equivalence for normal subgroups.
The following theorem was proved by Sinha [9] . We state it and refer to the above paper for the proof. Conversely if H A G and (G, H) has property p then 3t is completely reducible for every irreducible FH-module 31.
Remark. In particular, we always have C Ç Jv.
We now prove the following theorem. (ii) (G, H) is a projective pairing.
(iii) (G, H) has property p.
(iv) For every irreducible FH-module 31, 31 is completely irreducible.
Proof. The equivalence of (i) and (ii) was proved by Khatri and Sinha [7] and (iv) implies (iii) by Sinha [S>] . (Note that normality of H in G is irrelevant for these implications.) We now prove that (ii) =* (iv) and (iii) =» (i).
( HomFH (31 j, 1H) St HomFG(3lG, 31) (see, for example, the proof of (43.14) in [3] ).
ii). ==» (iv). Suppose that H à G and (G, H) is
Now the left-hand side of this equation is different from zero as 31, is a direct summand of HEH, and so is the right side. Thus 31 is a composition factor of 31,.
But by Theorem 1, 31 j is completely reducible over FG. Therefore 31 is a component of 311 and so Si is H-projective ((2.1) (iii)).
As 31 was arbitrary, we infer that every irreducible FG-module is H-projective. In particular, the trivial FG-module F is H-projective. Hence the vertex of F, namely a p-Sylow subgroup of G, is contained in H (Green [4] ). Thus H satisfies (i).
This completes the proof of the theorem.
Corollary. Let H A G. Then a necessary and sufficient condition for (G, H)
to be a projective pairing is that every irreducible FG -module is H-projective.
To get the case on p-groups out of the way, we state the following theorem whose proof is easy, and hence omitted. 
Thus / is an ideal in FG. But it is well known that Rad FP = (g -l| g e P), hence / = (^^ x) Rad FP is a nilpotent ideal of dimension |P| -1. This proves the lemma. (S¿6íínM¿) = 2¿£fínM 1 = |//n Al|, which is a contradiction, since (\H DAl|,p) = l.
Hence (G, H) is a projective pairing and this completes the proof of the theorem.
Remark. It should be observed that for the inclusion 5v C ? we only require G to be p-nilpotent. 5 . Extensions by groups of orders prime to p. In the last two sections we showed the equivalence of the classes ?, 51 and C for two classes of groups. We now extend the class of groups for which ? = 31 = C. To save space and avoid lengthy repetitions we make
Definition 5. A finite group G is called a PRC-group over F if ?(G, F) = St(G, F) = C{G, F).
Trivially, if p-j^Gl, then G is PRC over F; each class being all subgroups of G.
We start with (ii), 31 is a component of (3lHf)L) . This in turn implies that 31 is a component of the completely reducible FG-module (3lHnL) = (3^HnL) ) , thus proving its complete reducibility over FG. . We observe that using well-known results in Frobenius groups and complements (see, for example, Scott [8, p. 358] ) one can obtain several types of PRC-groups.
Since 31 was arbitrary, H £ C(G, F). JUG, F) C j(G, F). Let H be a subgroup of G with (G, H) having property p. Let P be a p-Sylow subgroup of G such that H O P is a p-
In particular we have Corollary 4. If \G\ = p • q, p, q being primes, or if \G\ = pq , p -^q -1, then G is a PRC-group.
We omit the proof.
6. Extensions of p-groups. In this section we further extend the class of PRCgroups. In fact, we prove that an extension of a p-group by a PRC-group is a PRCgroup.
Let H < G. We denote by ®C(W) the ideal in FG generated by \h -11 h e H\. Similarly if / is an ideal in FG, the set ig e G | g -1 el] is denoted by ®^ (/). Proof. Let A = ©jHRad FG) = \g e G | g -1 e Rad FG\. Then A A G, since Rad FG is a two-sided ideal in FG. Since core P A G, by Lemma 2, Rad(F(core P)) -(g -1 | g e cote P) Ç Rad FG. Thus for each g e core P, g -1 e
Rad FG and so core P Ç_ A. has property p, we must have h, I £ Rad FH, which is impossible and we are done.
Before we come to the main theorem, we need Remark. In fact, we proved a little more than what is asserted in the statement of the lemma. We showed that a + I is in Rad (R/l) if and only if a is in Rad R.
We are now in a position to prove the main theorem of this section. Corollary. // P A G, then G is PRC.
We observe that using the above theorem and easy known results on group theory one can prove that all groups of order p • q are PRC without any extra conditions (contrast Corollary 4 to Theorem 5).
Remark. We do not know whether an extension of PRC by PRC is PRC or even whether an extension of a p -group by a p-group is PRC. However, it can easily be seen that the direct product of two PRC-groups is a PRC-group.
7. Example. In the previous sections we gave some sufficient conditions for the equivalence of the three classes J, Â and C That, in general, they are not equivalent is shown by the following example, which, in fact, shows that projective pairing does not imply property p. Since C is a subclass of 3\, this would mean that projective pairing also does not imply the complete reducibility of induced modules.
Let G = A., H = A. and p = characteristic of F = 3, where A denotes the alternating group on n symbols. Since H contains a 3-Sylow subgroup of G, {G, H) is a projective pairing over F. We show that (G, H) cannot have property p. We may take F to be a splitting field for G.
It is well known that over the complex field, A, has five irreducible representations, say, Ty T2, Ty T4, T5 of degrees 1, 2, 3, 4, 5 respectively. Taking 
